Introduction
Predicting durability of mechanical structures is a complex process that requires many factors to be taken into account. One of them is a structural complexity of structures. The structure is a physical object consisting of many elements, frequently made of materials with different mechanical and physical properties. Additionally, structures are usually subject to complex external loads, frequently of variable nature to various environmental factors. This results in various damage mechanisms -wear (corrosive, cavitational, frictional), fracture -often eliminating a device from further operation.
A point of initiation of cracks, in most cases, are voids and other material defects, and structural notches, the presence of which in the structure most often results from the necessity to join individual components to each other, providing the structure with the required feature characteristics, or requested material structure.
Notches can be classified into many different categories, depending on their shapes, location within a structure, material recurrence or material manufacturing technology. They all have one common characteristic -they cause a local increase of stress in the structure under load, and thus influence its durability and strength.
On the basis of observation and experiments, scientists have been trying for so long to define some critical conditions, at which material is damaged. Reference can be made to e.g. ideas by Galileo, Tresca, Beltrami, Coulomb, Mohr, Mises or Huber. They adopted some hypotheses, defining material strength, that until now are the basis for engineering calculations. Assuming homogeneity and continuity of a medium, of which a structural element has been made, they formulated limit values for a function, the exceeding of which resulted in material damage. These hypotheses did not take into account the significant influence of stress and strain field gradients on the strength. Theoretical development in solid state mechanics, and in theory of elasticity, in particular, has allowed for obtaining many analytical solutions describing local stress fields in the surrounding of both soft concentrators (e.g. in Kirsch's solution [8] ), and sharp concentrators, generating singular stress fields (Sneddon's [31] , and Williams' solutions [38] ). Knowledge of new mathematical solutions has enabled formulation of consequent strength criteria including the influence of the presence of stress concentrators in homogeneous structural materials (e.g. Griffith [6] , Sih [29] , McClintock [16] and others).
Over the recent years, there has been a noticeable development of composite materials with pre-designed mechanical properties. As a rule, these are anisotropic materials or composites of a complex periodic structure.
Typical stress concentrator, present in layered composites, is a crack [30] or sharp notch located in the plane of bonding particular layers which form a composite [3, 5, 26] . Such concentrators are frequently present also in structural elements made by bonding two different materials with adhesive (such element can be considered a specific composite material). It is therefore necessary to define strength and resistance to cracking of composites (including mechanical properties of a bonding layer), where structural notches generate large stress gradients. A solution for this problem is an adequately formulated strength criterion. This criterion should include accurately determined equation with defined material constants, on basis of which it is possible to predict the moment of cracking process initiation. Predicting durability of elements with structural notches has not been the field of study taken by many scientists. In paper [12] strength of two-phase elements with the structural notch was analysed experimentally. Material components were adhesive bonded. The authors performed three-point bending tests and determined values of crack initiation forces. A possibility of applying Leguillon's criterion for this type of elements (adhesive bonded uniform component with notch) was verified positively in paper [36] .
As regards criteria for bi-material structures there are no available results published in the literature. The criterion that is frequently applied to homogeneous materials is the MClintock criterion. Thus, the main objective of this paper is to experimentally verify the possibility of applying this criterion (with appropriate modifications) for bimaterial structures, where sharp structural notches generate singular stress fields. An idea for the criterion is described below. 
Notations and Nomenclatures

Fracture Criterion
With criterion proposed in paper [16] it is assumed that cracking will follow, if normal strain ε ϕ in some small distance from the crack tip ρ c reaches a critical value which can be noted as follows:
However, such stress form of this criterion, where the strain was replaced by an adequate component of normal stresses, had broader application.
In the approach as proposed in paper [23] it was assumed that propagation of cracking will follow only if circumferential stresses σ ϕ at some finite distance r=ρ c reach critical value σ c (2) . Use of the condition formulated in such way, for elements with notches present in homogeneous materials, has been positively verified in many papers, e.g. [27] :
Cracking propagation angle ϕ 0 is determined by maximizing σ ϕ in relation to angle φ. For the elements with the notch located on adhesive bonding of uniform or bi-material structure, the cracking initially propagates along the interface. Thus, it can be predicted that ϕ 0 0 = ( Fig. 1 ) and the condition (2) will be written as:
The parameter ρ c , is considered as material constant and can be determined from experiment. For example, in condition (3), by taking advantage of dependence on circumferential stresses at crack tip and Griffith -Irwin criterion, the following is obtained:
and thus this allows for calculating the characteristic constant:
where Ic K -fracture toughness, σ c -tensile strength. 
sciENcE aNd tEchNology
One advantage of the proposed method which is based on the socalled Theory of Critical Distances (TDC), is that in most cases in order to predict the fracture process it is not required to know the asymptotics description of stress fields -numerical solutions are used in the predicting process.
In the case when the fracture process occurs in a plane in which complex state of stresses is present, the use of numerical solutions may result in an erroneous prediction [13] . Most frequently in such situation, on the basis of analytical description of local stress fields, a global fracture criterion (using local parameter ρ c ) is formulated and it is based on an equivalent stress intensity factor [1, 13, 27] or minimum strain-energy density [9] .
In this paper, on the basis of McClintock criterion, two concepts of prediction of fracture process initiation are proposed. First of them is based on an equivalent stress intensity factor, and the other on a dependence of condition (2) of critical stresses on proportions of shear and normal stresses occurring in the cracking plane. Detailed description of the concept is presented in section 6.
As it can be seen, when using the McClintock criterion for elements simultaneously loaded with shear and normal loads, it is required to know the distribution of stress fields occurring in the immediate vicinity to a singular point. Therefore, in the next section herein, forms of functions describing such stress fields and methodology of their determining will be discussed.
Analytical relations describing stress fields present in structural notch-tip area
A solution of the case of bi-material with the structural notch located on the interface (Fig. 2) was obtained using the approach applied by the authors of paper [21] for sharp corner in a uniform material. In the used method, the detailed description of which can be found in paper [19] , by applying Airy's stress function it is possible to obtain general asymptotic solutions describing individual components of stress fields and displacements. For the analyzed bi-material structure the general asymptotic solutions are given by [18] : 
where: µ ν 
; ;
Moreover on basis of condition of zeroing matrix determinant of matrix boundary conditions the characteristic equation (7) can be determined, the individual roots of which determine the value of exponent λ in obtained asymptotic solutions (6) . The characteristic equation takes the form [18] :
where: On the basis of the characteristic equation (7) it can be inferred that eigenvalue λ depends on material constants and notch-tip angle. The roots of equation (7) cannot be determined analytically. They were calculated numerically. To this end, a special program was created in the Mathematica software. Fig. 3 graphically illustrates solution of equation (7), where thick line was used to mark real eigenvalues λ (λ= λ r , Im The solution obtained implies that depending on material constants and notch geometry, there can be one or more singularities with a real or complex exponent λ. What is more, it is worth noting that for the notch problem located in the multi-material, the characteristic equations cannot be obtained independently for mode I and mode II [3, 5] Since stresses can be described with complex exponent λ, generalised stress intensity factors were defined alike the authors of paper [32] (for the interfacial crack):
where dimension a can be considered as e.g. notch height.
Using an equation (6), boundary conditions and the adopted generalized stress intensity factors definition (8) , an analytical description of the stress fields occurring in the notch tip area can be obtained [18] : Below a particular form of stress fields for angle φ=0, i.e. along the interface line is presented [18] : . (11) For a quantitative description of stresses, it is necessary to determine values of K j . They were determined based on comparing the obtained analytical solutions with stresses obtained from FEM solution. Due to the fact that the main purpose of the presented paper was experimental verification of possibilities of using the McClintock criterion, FEM models of specimens were prepared, the strength of which was tested by means of experiments in [11, 12] .
Testing specimens and FEM model
Specimens were modelled in numerical simulations, the geometry and material properties of which were identical as in specimens used in experimental testing (prepared by authors of papers [11, 12] ). Components were bonded using Weld-on ® 10 adhesive. The adhesive has been selected so that its stiffness properties were close to those of polymers. Therefore, it was possible to confirm the assumption that it is the bi-material that is modelled, not a three-layer composite. In this case, the adhesive interface could be treated as a layer without any thickness, but with different strength and fracture toughness than the polymers or the aluminum alloys separately. During the bonding process, achieving the minimum adhesive thickness was one of the goals. To obtain the minimum thickness of the adhesive, the specimens were joint under high pressure using a special holder. They were allowed to cure for a period of 24 hours to achieve the required bonding strengths. The thickness of the adhesive layer was not measured. Such information was not needed for the prediction of fracture toughness, assuming that the analyzed structure is the bi-material.
It is worth noting that using the selected adhesive in case where two different metal alloys are being combined, e.g. steel and aluminum alloy, ignoring the adhesive layer thickness and treating such a structure as a bi-material would be unacceptable. In that case, the approach based on the Traction-Separation criterion [25] can be used to predict the critical load. Namely, the adhesive layer should be modeled using special finite elements (cohesive elements). To define such elements it is necessary to know such parameters as maximum normal traction at the interface, normal separation across the interface where the maximum normal traction is attained and the limit value of separation. These parameters can be determined, knowing the thickness of the adhesive layer, based on experimental tests.
The carried out analyses were aimed at determining the applicability of the proposed fracture criterion for bi-material structures in a situation where a complex state of stress occurs on the interface, and the structural notch generates singular stress fields. Whereby the stress fields, depending on the geometrical and material features of the structure, can be described using real or complex λ exponents. Specimens with different notch-tip β angle were used in the study. β angles were selected in a way to obtain instances when stresses are described both in real and complex λ exponent. What's more, the variation of the notch-tip angles allowed for obtaining different proportions of tangential and normal stresses occurring in the plane of the connection. In all specimens, equal notch height a (measured from the lower surface of the sample), overall dimensions and the position of the support and loading points in the three-point bending test were assumed. This was to ensure the same boundary conditions (fixing and loading) for all examined specimens. Overall dimensions were chosen arbitrarily considering the capabilities of both the research stand and the device used for specimen preparation.
Specimen dimensions were as follows: total length Lc=254 mm, a spacing between supports L=90 mm, notch height a=19.1 mm, sample height h=50.8 mm, thickness g=5.4 mm, respectively. As regards the notch-tip angle β, three cases were considered: β= 30°, β= 90° and β= 120°. The specimens used in the tests are presented in Table 1 . Material specification for individual components is given in Table 2 .
Tested specimens (Fig. 4 , Tab. 1) were modelled with FEM, using ANSYS application. Fig. 5 shows, for a given specimen, division to finite elements and boundary conditions. Plane specimens were described with quadrangle, eight-node finite elements with increased refinement (according to the arithmetic series) in the tip area, with triangular special elements [35] surrounding singular point (Fig. 5) . The total length of the lateral edges of the last three elements depended on the notch height a and were assumed to be 3 10 -6 a for all specimens. Due to the high density of the finite element mesh in the notch tip area, the prepared models contained approximately 10000 finite elements. As already mentioned before, the specimens can be treated as a bi-material structure. Therefore, the adhesive layer was not included in the prepared numerical models. As for the connection conditions of individual components, the nodes laying on the interface were shared between both materials. There was not allowed for slip between components on the interface.
Due to the fact that it is difficult to determine real frictional conditions of the contact between supports and material of the specimen, which are present during the three-point bending test, certain simplifications should be adopted. Thus, two methods of mounting were tested: sliding supports (disabled possibility of moving vertically in no-I des located in support points A and B);
non-sliding supports (disabled possibility of moving vertically II and horizontally in nodes located in support points A and B).
As regards the load conditions, the specimens were loaded with a constant vertical displacement u y = 1mm, applied at selected nodes (point C). Loading force F was determined on the basis of stresses in the nodes to which the displacement u y was applied.
Numerical calculations were carried out for plane stress and plane strain cases. 
Fig. 5. Division to finite elements and conditions of mounting and loading of the specimen with notch with tip angle β= 300, the red colour was used to mark nodes from which the stresses were read for stress intensity factors calculation
As already mentioned before, in the FEM models, the adhesive, as a separate material layer, was not included. Despite this, it was possible to include the interface's strength properties in the used fracture criterion. On the basis of numerical simulations, stress intensity factors were determined. They were used to calculate the value of the predicted failure function (described further in the paper), which were then compared with the critical values. The interface's strength properties in the tested specimens was taken into account in that the critical values of the failure function and the ρ c parameter were determined based on the bonding tensile strength and bonding fracture toughness (Tab. 3). Both of parameters were determined experimentally for the bi-materials made of PMMA and aluminum alloy as well as PC and aluminum alloy.
Description of method applied to determine generalised stress intensity factors
To determine values of generalised stress intensity factors K j extrapolation method was applied. This method, unlike e.g. energy methods [37] , or methods based on the application of special finite elements [4] , is less complex. The disadvantage of this method, though, is a necessity to use a high density of mesh of division to finite elements in the tip area of stress concentrator. Additionally, accuracy of the results is influenced by the selection of area, where the numerical solution is compared with the analytical solution. This inconvenience can be eliminated by using terms of higher order [17, 24, 33] in the analytical description or determining an adequate criterion for the selection of nodes, for which values of stresses obtained from FEM modelling are compared with the known analytical solution. Such criterion was specified in papers [20] (for the case of interfacial crack) and [18] [18] Thus, when determining stress intensity factors, numerical and analytical solutions are compared only for nodes with the gradient of b.
For the case of the structural notch, stress components are always simultaneously dependent on K I and K II , and therefore, in order to use the above criterion, it is necessary to determine the so-called "combined stresses" [18] : 
where -σ τ , are circumferential and shear stresses, respectively, obtained from FEM modelling (obtained from nodes located on the interface).
According to the adopted criterion when determining the sought generalised stress intensity factors, pairs of nodes with the gradient of 
Using equations (12) - (14) after simple mathematical transformations, formulas (15) 
Calculated stress intensity factor, for selected nodes (with the gradient of ( )
, is approximated with a straight line and this way generalised stress intensity factors j K are determined. It is worth noting that if exponent λ is a real number ( 0 δ = ), the dependence (15) is simplified to the form as given in paper [14] : 
Test results and discussion
As it was already discussed, in order to verify the McClintock stress criterion, it is necessary to know the qualitative and quantitative description of stress fields which occurred in the cracking plane, critical parameters and experimental data (damage loads). Damage loads were taken from paper [11, 12] . Since after the cracking process was initiated, the crack propagated along the interface, in the tested criterion critical parameters characterising properties of adhesive layer / interface [10] were used, for which critical distance σ c was determined, according to formula (5) . The methods of determining critical parameters for the adhesive layer are discussed in [7, 10, 22, 25] .
In order to determine the quantitative description of mechanical fields, generalised stress intensity factors K j were calculated. They were determined numerically with extrapolation method using data obtained from FEM modelling and analytical solutions. The extrapolation method, FEM modelling and analytical solution were presented and discussed in the previous sections herein.
Values of the calculated generalised stress intensity factors K j , for all types of samples (Fig. 4) , are given in Tables 4-5. Exponents λ, obtained from equation (7), for material constants given in Table 2 , are listed in Table 6 .
sciENcE aNd tEchNology
As already mentioned, if both shear and normal stresses are present in the cracking plane, in order to predict the cracking process the equivalent stress intensity factor K E can be used. For the analysed case it is defined (on the basis of analytical description of local stress fields) using formula (17):
Critical value of the factor K Ec can be determined by solving the below system of equations (18) 
After the system of equations (18) is solved -using formulas (5), (9) and (10) 
It is worth noting that for the tension element with a crack ( 0.5 r λ = ) or a notch, with tip angle equal to π ( 1 r λ = ), the dependence (19) is simplified accordingly to the following forms:
2 πσ , which is consistent with the literature data.
Assuming that the fracture process will be initiated when:
predicted critical force can be calculated from the following condition:
where F is a force at which K E (17) were calculated.
As already mentioned it is difficult to model the actual frictional and contact conditions [2, 15] occurring in the support area with numerical modelling of three-point bending test. Therefore Figure 7 (for plane stress) and Table 7 (for plane strain) provide values for the predicted force F k (21) determined by using two variants of specimen fixing in FEM models. It is obvious that the real critical force will take values from a range limited by forces estimated when using sliding supports and non-sliding supports in numerical models.
The values of critical forces determined using the formula (21) were compared with the experimental data, which is shown in Figure 7 and Table 6 . The experimental crack initiation load is an average obtained from at least three experiments performed for each type of specimen.
On the basis of the obtained results it can be stated that distribution of the estimated critical forces is consistent with experimental data. Better convergence of results, both for plane stress and plane strain condition, was obtained by using non-sliding supports in the FEM model: When determining critical forces in the analytical description first singular term was used only. Use of terms of a higher order was not necessary due to a fact that analytical (when using the first singular term only) and numerical solutions matched one another in an area larger than the critical distance ρ c , which is shown in Figure 8 .
It is worth noting that prediction of fracture toughness with use of the concept of equivalent stress intensity factor is quite complicated. Since it is necessary to determine exponents λ and generalized stress intensity factors K j . For uniform materials it is not a major problem, as approximate formulas are available which allow for calculation of generalized stress intensity factors, and exponent λ depends only on tip angle of the notch and can be easily determined (exponent values λ can be found, e.g. in paper [28] ). For a bi-material with a notch situated on the interface, both K j and λ depend on geometrical and material features of the structure and should be determined individually for each analysed case. Due to the above inconveniences, the paper attempts to develop a procedure of predicting fracture toughness which might be more practical from the engineering point of view.
Authors of many papers, e.g. [30] indicate that critical value of energy release factor depends on the ratio of shear and normal stresses which are present in the cracking plane. Therefore, critical stresses also must be dependent on such factor. Accordingly, condition (3) can be written as follows (22) :
Taking into account inter-relationships between cracking mechanics parameters, the following form of function depending on critical stress to mode mixity ratio ψ was proposed: It is worth noting that the proposed modification of a criterion of cracking (23) is concurrent with a concept provided in paper [34] . Author of paper [34] suggests the use of an additional factor including impact of quantitative portion of shear and normal stresses in the process of prediction of crack initiation. This factor is not constant and depends on geometry of the object and load conditions. By using criterion (23) critical force value can be estimated on the basis of dependence (24) 
Critical force F k (24) can be determined in two ways: using analytical (qualitative description (9, 10)) and numerical -(quantitative description (15)) solutions; using only numerical solution (stresses obtained, e.g. using -FEM).
Of course the latter, from practical point of view, is less complicated and recommended for use in engineering calculations.
However in this paper the former is used. The reason for that was the necessity to check to what extent solutions obtained from formulas (21) and (24) match each other. Because critical forces (21) were estimated using analytical and numerical solutions, the same approach should be used in formula (24) . Thus using analytical and numerical solutions, critical forces F k (24) for all analysed specimens were determined. The obtained results were exactly the same as results obtained on the basis of formula (21) and therefore there was no need to include them in the paper.
Summary and conclusions
This paper dealt with the analysis of interface crack initiation at sharp notches along adhesive bonding in bonded bi-material structure. The possibility of using McClintock criterion was analysed to predict the loads at the crack initiation for such type of construction elements. In order to use this criterion, usually, it is necessary to know the qualitative and quantitative description of stress fields around concentrator's tip. Thus, the analytical description was obtained, and methodology of its obtaining was presented. Moreover, the method for determining generalised stress intensity factors was discussed, including qualitative nature of singularity of stresses fields, and for the selected cases, their values were determined.
The obtained analytical and numerical solutions allowed for formulation of the form of damage criterion and critical parameters.
Two forms of cracking criterion were developed, based on: equivalent stress intensity factor; -modification of McClintock criterion involving dependence of -critical stresses on proportion of shear and normal stresses occurring in the cracking plane.
The carried out analyses showed that from both forms of the cracking criterion the same results of prediction of critical forces are obtained. However from the practical point of view the second form of the cracking criterion is more favourable. This is due to the fact that in the prediction of cracking stresses determined by using, e.g. FEM can be used only with no need of determining stress intensity factors.
Values of critical loads resulting from the hypothesis were compared with values obtained from the experiment. Since actual frictional and contact conditions that are present in the specimen support area cannot be reflected with numerical modelling of three-point bending test, a range in which the predicted critical forces occur, was determined only. In the vast majority of analysed cases critical forces determined experimentally occurred in the range defined by means of the tested criterion. What is more, tendency of variability of the predicted forces was consistent with experimental data. This suggests that the analysed criterion can be used to predict initiation of the process of cracking of elements bonded using an adhesive with a notch situated on the interface. However in order to state such fact clearly it would be necessary to carry out additional experimental tests. Such tests should be planned so that actual fixing and loading conditions for the specimens are reflected in numerical modelling. The author shall try to carry out such tests and verify suitability of McClintock's hypothesis again in his next paper.
